Pointed Hopf algebras with classical Weyl groups 



o 

(N 



(N 



O 



Shouchuan Zhang Yao-Zhong Zhang 
a. Department of Mathematics, Hunan University 
Changsha 410082, P.R. China 
b. School of Mathematics and Physics, The University of Queensland 
Brisbane 4072, Australia 
Emails: z9491@yahoo.com.cn (SZ); yzz@maths.uq.edu.au (YZZ) 



< 

O- March 3, 2011 



Abstract 



■ We prove that except in three cases Nichols algebras of irreducible Yetter- 

■ Drinfeld modules over classical Weyl groups A xi S„ supported by S„. are infinite 
OO . dimensional. We give the necessary and sufficient conditions for Nichols algebras of 

Yetter-Drinfeld modules over classical Weyl groups ^ xi S„ supported by A to be 
finite dimensional. 
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X. 

^ Introduction 

The framework of the paper is the classification of finite dimensional complex pointed 
Hopf algebras with non abelian group G. It is known that the first necessary step is to 
consider the Nichols algebras associated to the irreducible Yetter-Drinfeld modules over G 
and decide if they are finite dimensional or not. These irreducible Yetter-Drinfeld modules 
are easy to classify: they are in one-to -one correspondence with pairs (C, p) where C is a 
conjugacy class of G and p is an irreducible representation of the centralizer of an element 
in C. In short, it is necessary to see if the dimension of the corresponding Nichols algebra 
Q3(C,p) is finite or not. As pointed out early by Grana, one may start attacking this 
problem by looking at Nichols subalgebras of ?B(C,p). 

This paper deal specifically with the case when G is the Weyl group of a simple Lie 
algebra. The most prominent example is the symmetric group §„. For the group, a fair 
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complete analysis is presented in [AFGV08], as a culmination of the series papers of 
[AZ07, AFZ]. The outcome is that all Q3(C,p) have infinite dimension, except for a small 
list of examples when n < 6 and remarkable cases corresponding to C = the class of 
transpositions, and p = the restriction of representation sign or a closely related one. It 
is natural to guess that other Weyl group would also be distinguished. 

The main results in this paper are summarized in the following statements. 

Theorem 0.1. Let G ^ A x Sn with n > 2. Let a e Sn be of type (l^^, 2^^ . . . , n^"). 
If p ^ G'^ , then p may he presented as follows: p — 9^^^ = (x ® //) t^<T)^£ ^ 

X — (X2^ ® • • •X2") ^ ^'^^ A* £ i^n)x' "^here p — ®i<i<nPi with pi e Sy*. Furthermore, 
i/dim p) < 00, then some of the following hold with Yi C or with Yi fl — 0. 

(i) (l^S 2), pi = sgn or e, p2 = X(i;2)- 

(a) {2\3^), P2 = X(l;2), P3 = X{0;3)- 

(Hi) (2^), p2 = X(i,i,i;2) ^ e or X(i,i,i;2) sgn. 

(iv) (4), pi = X(l;4) or X(3;4)- 

Theorem 0.2. Let G = A x S„ he a classical Weyl group with A C (C2)" anc? n > 2. 
Assume that M = M(C>^i,p(i)) © M{Oa^,p^'^^) • • • M(e>^^, is a reducihle YD 
module over kG . 

(i) Assume that there exist i ^ j such that ai, aj ^ A. //dimQ3(M) < oo, then n — A, 
the type of ap is 2^ and the sign of (Xp is stahle when cjp ^ A. 

(ii) Assume that there exists ^ A. //dim^(M) < 00, then = (a, r) with = 1. 

(iii) Assume that ai ^ A for 1 < i < m. //dimQ3(M) < 00, then there is at most one 
o,^Z{G). 

(iv) If a, = a=: ig2, g2, ■ ■ ■ , 92) G G and p^^ = := (x«®/i») E G^, 1 < 
i < m. Then 53(M) is /imte dimensional if and only if x^^K'^) = ~1 /or i = 1, 2, • • • , m. 

Indeed, Theorem 0.1 follows Theorem 2.7. Theorem 0.2(i ) follows Remark 4.12. 
Theorem 0.2(ii ) follows Theorem 4.13. Theorem 0.2(iii ) follows Theorem 4.13. Theorem 
0.2(iv ) follows Remark 3.9. 

Now we present these results by means of the following table. In this table Nichols 
algebras ^{Oa, p) of irreducible Yetter-Drinfeld modules over G = A x S„ ( n > 2) have 
infinite dimensions. 
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case 


a 


Representation 


Reference 


1 


a = e, the unity of G 


any 


[AZ07] 


o 
z 


a E An, n > 5, n 7^ 6 


any 


in. 2.0 


Q 

o 


^ ^ 1^ ^ — o ^ _Z. /I 

(7 G iS)„, n > o, n 7^ 4, 0, 0, 








cr is not a transposition 


any 


in. z./ 


4 


tlie type oi a is 2 , cr G be, n = o 


/i2 7^ X(i,i,i;2) ® e, 
/^2 7^ X(i,i,i;2) ® sgn. 


in. z./ 


cr 
D 


^ — n 

the type of cr is 2 3 , cr G S5, = 5 


^2 7^ X(l;2), 7^ X(0;3) 


Tin V 

in. z.( 





the type of a is 4^, cr G S4, n = A 


/^l 7^ X(l;4), X(3;4) 


in. 2.^ 


7 


the type of cr is not 2^, 2l3^ 4^ 










any 


in. z./ 


o 
8 


(7 = (a,r), q; = (5-2, 5'2, ■ ■ ■ ,92), 








T G S„, T satisfies the case 1-7 


IX satisfies the case 1-7 


Pro. 2.10 


9 


cr = (a, r), the type of r is 2^, 








Oi + 02 = 03 + 04 = (mod 2) 


any 


Pro. 2.9 



Table 1 



For general case a — (a,r) G G — A >i have not considered because we have 

not known the relation between Nichols algebras over group G = ^ xi S„ and group S„. 

This paper is organized as follows. In section 1 we give the relation between Nichols 
algebras over group A>\ D and group D. In section 2 we prove that except in three cases 
Nichols algebras of irreducible YD modules supported by S„ are infinite dimensional. In 
section 3 we give the relationship between Nichols algebras over a group G and a subgroup 
D ol G. In section 4, we give a necessary and sufficient condition for a Nichols algebra 
of a YD module supported by A to be finite dimensional. It is proved that if M is a 
reducible YD module over kG supported by S„ with n > 3, then dimS(M) = 00 and if 
M is a YD module over kG supported by A„ with n > 5 and n 7^ 6, then dimQ5(M) = 00. 
In section 5 we establish the relationship between Nichols algebras over the Weyl groups 
of Bn and D^. In the Appendix, the conjugacy classes of the Weyl groups of and 
are presented. 

Preliminaries and Conventions 

Let k be the complex field and G a finite group. Let G denote the set of all isomorphism 
classes of irreducible representations of the group G, be the centralizer of cr, 0„ or 
be the conjugacy class in G, Cj the cyclic group with order j, Qj be a generator of Cj and 
Xj be a character of Cj with order j. The Weyl groups of A^, -B„, G„ and D„ are called the 
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classical Weyl groups, written as W{An), W{Bn), W{Cn) and W{Dn), respectively. Given 
a representation p of the subgroup D of G, let p denote the induced representation of 
G as in [SaOl]. 

Let deg(p) denote the dimension of the representation space V for a representation 
iP,V). 

Recall the notation RSR in [ZCZ, Definition 1.1]. Let pc be a representation of G'^^^^ 
with irreducible decomposition pc = ®i&ic(r,u)P^c i where is a map from K,{G) to G with 
u{C) e C for any C e 1C{G) and Ic{r,u) is an index set. Let ~^ denote {pc}c<=K.riG) = 
{{Pc}ieicir,u)}c€iCriG)- Then {G,r,~^,u) is called an RSR if deg(pc) = rc for any C e 
]Cr{G), written as RSR{G,r,^ ,u). For any RSR{G,r,^ ,u), we obtain a co-path Hopf 
algebra kQ'^{G^ r, ~^,u), a Hopf algebra kG[kQl, G, r, u] of one type, a kG-YD module 
{kQ\,ad{G,r,~^ ,u)) and a Nichols algebra '^{G,r,~^ ,u) :— ^{kQ\,ad{G,r,~^ ,u)) (see 
[ZCZ]). 

If a ramification r = rcC and | Ic{r, u)\— 1 then we say that RSR(G', r,~^,u) is of bi- 
one since r only has one conjugacy class C and | Ic{r, u) \— 1. Furthermore, if cr = u{C), 
C — Oa, rc — m and p^' — p ior i E Ic(f, u), then bi-one RSR(G', r, u) is denoted by 
RSR{G,mO^,p), or RSR{G,0^,p) in short. 

RSR{G,r,~^ ,u) is said to be — 1-type, if u{C) is real (i.e. u{C)~^ e C) and the order 
of u{C) is even with p^^){u{C)) = —id for any C G ]Cr{G) and any i e Ic{r,u). In this 
case, the Nichols algebra *B(G', r, ~^,u) is said to be —1-type. 

For s G G and (p, V) G G*, here is a precise description of the YD module M(Os, p), 
see [GrOO, AZ07]. Let ti = s, . . . , be a numeration of conjugacy class Og containing 
s, and choose hi E G such that hi > s := hishj^ = ti for all 1 < i < m. Then 
M{Os,p) = ®i<i<mhi ® V. Let hiV := hi ® v e M{Os,p), l<i<m, vEV. If 
V E V and 1 <i <m, then the action oi h E G and the coaction are given by 

6{hiv) — ti <S> hiV, h ■ {hiv) = hj{j ■ v), (0.1) 

where hhi — hj^, for some 1 < j < m and 7 G G*. Let *B(Cs,p) denote ?B(M((9s, p)). 
By [ZZWCY, Lemma 1.1], there exists a bi-one arrow Nichols algebra *B(G, r, ~^ ,u) such 
that *B(Cs,p) = ^(G,r, 7^,m) as graded braided Hopf algebras in ^^0^0. This gives the 
relation of the two Nichols algebras. A YD module is said to be reducible if it has a 
non-trivial YD submodule. If p = p(^) © p^^) © ■ ■ ■ © p^") with p^^ G G'^ for 1 < i < m, 
then M(C^,p(i)) © M{0^,p(^^) © • • • © M(C>^,p("*)) is called a YD module of p, also 
written as M{0^, p). 

Let V" be a braided vector space with a basis {xi | i = 1, 2, ■ ■ ■ , n} and B{xi (8) Xj) — 
qij{xj Xi). If there exists a generalized Cartan matrix (ojj) such that satisfy 

= Q^r (0.2) 
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for any i,j = 1,2, ■• ■ ,n, then braiding B { or V, or ^{V)) is called a braiding of the 
Cartan type. We assume that we choose such that they maximally satisfy (0.2). That 
is, ttij is the maximal non-positive integer satisfying (0.2). Thus ^{V) is finite dimensional 
if and only if A is of finite type (see [He06b, Theorem 4]). 

If L> is a subgroup of G and C is a conjugacy class of D, then Cq denotes the conjugacy 
class of G containing C. 

1 G = AyiD 

In this section we give the relation between Nichols algebras over group A>i D and group 
D. 

Let G = ^4 XI D be a semidirect product of abelian group A and group D. For any 
X ^ A, let := {h e D \ h ■ X = x}'-, :— A X D^. For an irreducible representation 
p of D-^, let 9-)^^p :— {x ^ p) tc^' induced representation of x (g) p on G. By [Se, 
Pro. 25], every irreducible representation of G is of the following form: 9^^p. Let e e A 
with e(a) = 1 for any a & A. Thus D^ — D and O^^p is an irreducible representation of G. 

Lemma 1.1. Let G ^ Ay^ D and a e D. Then G" ^ A" D" . 

Proof. II X = (a, d) e G"^ , then xa — ax. Thus 

a — (7 ■ a and da — ad. (1-1) 

This implies d G D" and a E A'^ since a ■ a = aaa~^. 

Conversely, if a; = (a, d) G A"" x D'^, then (1.1) holds. This implies xa = ax and 
X eG^.a 

Lemma 1.2. Let D be a subgroup of G with a & D and let right coset decompositions 
of D" in D be 

D=[j D'^ge. (1.2) 

Then there exists a set 0' with C 0' such that 

G = U G'^ge (1.3) 

is a right coset decompositions of G^ in G. 

Proof. For any h,g E D, It is clear that hg~^ G D"^ if and only if hg~^ G G'^, which 
prove the claim. □ 
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Lemma 1.3. IfkQ%G,r,~^ ,u) is a co-path Hopf algebra (see [ZZC, ZCZ]), then kG + 
kQi = {kG[kQl])i, where kG[kQ1] := kG[kQl,G,r,^ ,u] and {kG[kQ1])i denotes the 
second term of the coradical filtration of kG[kQ1]. 

Proof. By [ZCZ, Lemma 2.2], R := diag(A;G'[A;g^]) is a Nichols algebra. [AS98, 
Lemma 2.5] yields that kG[kQl] is coradically graded. □ 

Definition 1.4. Let D be a subgroup of G; r and r' ramifications of D and G, respec- 
tively. If Tc < t'q^ for any G G lCr{D), then r is called a subramification of r' , written as 
r < r' . Furthermore, if u{G) = u'{Gg), Icif^,^) C Ic^-.[r',u') and p§ is isomorphic to a 
subrepresentation of the restriction of p'^^^ on Z}"('-^) for any G G K,r{D), i G Ic{r,u), then 
,u) is called a sub-RSR of RSR{G,r' ,u'), written as RSR{D,r,~^ ,u) < 
RSR{G,r',^,u'). 

Lemma 1.5. LetD be a subgroup ofG. If a G D, then RSR(D, O^, p) < RSR(G', O^, p') 
if and only if p is isomorphic to subrepresentation of the restriction of p' on D'^. 

Proof. It follows from Definition 3.7. □ 

Proposition 1.6. Let D be a subgroup ofG. IfRSR{D,r,~^,u) < RSR(G', r', p' ,u'), 
then 

(i) kQ'^{D,r,~^ ,u) is a Hopf subalgebra kQ'^{G,r', p' ,u'). 

(ii) kD[kQ^,D,r,~^ ,u] is a Hopf subalgebra kG[kQ"^, G, r', p , u'] . 

(iii) If^{G, r', p^, u') is finite dimensional with finite group G then so is ^{D, r, u) . 

Proof, (i) For any C G K,r{D) and i G Ic{r,u), let X^^ be a representation space of 
p^Q with a basis {x^^^ \ j G Jc{i)} and -^'^^ a representation space of p'^^^ with a basis 
Wc'a I ^ ^ •^Cg(0} Jci^) ^ Jcg{^)- i'c; ^ A;-D"^^^-module monomorphism from 
X« to X'^Sa With x'gf = for I G /c(r,«), 3 e Mi)- 

Let (f) be an inclusion map from kD to kG and is a map from kQl{D,r,~^ ,u) to 
kQ[''{G,r',^ ,u') by sending 4*;i^ to a'^*;i^ for any y,x e D, i e Ic{r,u), j G Jc{i) 
with x'^y G C G Kr{D). Now we show that ^0 is a A;£)-bimodule homomorphism from 
kQ\ to ,j>{kQ\'^)^ and a /cG-bicomodule homomorphism from '^{kQ'i)'^ to kQ'^'^. We only 
show this about right modules since the others are similar. For any h E D, G e JCr{D), 
i G Ic{r,u), j G Jc{i), x,y E D with x'^y = ge^u{G)ge and geh = Ce{h)ge', Ce{h) G D" , 
9, 9' G ©c C (see Lemma 3.3), see 

Mf-h) = ^( E (by [ZCZ, Pro.L2]) 

seJcii) 

Er,{id,s) i<,i,s) 1 
^C,h ^yh.xh 

seJc(j) 

- E &tCcH (by [ZCZ, Pro.1.2]), 
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where xg'^^ • Ce{h) = E.eJci^) ^gf^^'^ 4f " Ce{h) = EseJa^H) k^aS^'c^- Since 

— ilS'-U \^ — ST^ t.(id,s) ,(i,s) 

— \ 2-^ ^C,h -^C ) — '^C,h Cg ' 

seJc(j) seJc(i) 

which imphes ip{ay^'i^ ■ h) = ip{ay^'i^) ■ h. 

By [ZZC, Lemma 1.5], Tl:^{(f)7ro,ilj'Ki) := ^ttq + X]„>o ^n('^^i)'^«-i is a graded Hopf 
algebra map from T^^(A;(5i) to T^g(/c(5'i'^). ByLemma3.5, {T^^{kQ\))i = kD+kQl. Since 
the restriction of T^^(07ro, ■?/'7ri) on {T^d{^Qi))i is 4> + ip, we have that T^Q(07ro, V'tti) is 
injective by [Mo93, Theorem 5.3.1]. 

(ii) It follows from Part (i). 

(iii) . By [ZCZ, Lemma 2.1] kDlkQ", D, r, 'f, u] = ^{D, r, 'f , u)i^kD and kG[kQ'^, G, r', 
p' ,u'] = *B(G',r', p' ,u')^kG. Applying Part (ii) we complete the proof. □ 

The relation " < " has the transitivity, i.e. 

Lemma 1.7. Assume that G is a subgroup of G' and G' is a subgroup of G" . If 
RSR(G, r, ^, li) < RSR(G",r',^,ii') anc/ RSR(G", r', ^, li') < RSR(G'", r", i?, i^"); then 
RSR(G', r, ^, u) < RSR(G", r, i?, u") . 

Proof. Obviously, G is a subgroup of G" and r < r" . For any C G ICr{G) and 
i G Icir,u), then u{C) = u'{Cg') = u"{Cg")- Let s = u{C) and let X^^\ X'gJ^, and 
^"cq// tie representation spaces of pg"*, p'^^,, and p"g|j„, respectively. Let (X^^pg'') 
be isomorphic to a subreprescntation (iV, p'g^^ l^s) of (X'g|^^ , p'g|^^ Considering 
(X'g^„p'g|^,) is isomorphic to a subreprescntation of (X"g^^^ , p"g^^^ we have that 

(iV, p'g|^^ Ig-s) is isomorphic to a subreprescntation of (X"g|^^^ , p"g|^^^ Ig^). Consequently, 
(X^'*,pg'') is isomorphic to a subreprescntation of ' /^"cg// IgO- '-' 

Lemma 1.8. Let N be a subgroup of G and {X,p) be an irreducible representation of 
N"' with a & N. If the induced representation p' '■— p tw^^ is an irreducible representation 
ofG", then RSR(N, O^, p) < RSR(G, P^%1). 

Proof. Since (X, p) = [X IkN") by sending x to x 1 for any x G X, the 

claim holds. □ 

Proposition 1.9. LetG ^ Ay\ D with aeD,x^^,G^^Ay\ D^, p e and 

0x,P- (X®p)tg5 ■ Then 

(i) RSR(G'^, O,, X <H) p) < RSR(G', O,, 9^,^,) 

(ii) RSR(G';^, X <8) p) is —1-type if and only z/RSR(G, Oa, O^^p) is —1-type. 

(iii) RSR(D^,a,p) < RSR(G',a,^^,,). 

(iv) RSR{D^,Oa, p) is —1-type if and only ifRSR{G,Oa,0^^p) is —1-type. 
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Proof, (i) It follows from Lemma 1.8. 

(ii) Let P and X be representation spaces of x and p, respectively. Then (P^X) ®kG^ 
kG" is a representation space of p' := O^^p. If p{a) = —id, then for any g G G^, x & X, 
p e P, we have ((p (g) x) (g)fcG- fl') ■ cr = ((p ® a;) ■ cr) ^kc-^ g = -{p®x) (^kc^ g. Therefore 
p'{cr) = —id. Conversely, if p'{(j) = —id, then ((p ® a;) ®fcGj 1) ■ a = {{p ® x) ■ a) <^kG^ 1 = 
— {p^x) ^kc^ 1- Therefore [p ® x) ■ a — —p ® x lor: any x e X. 

(iii) By (i), it is enough to show RSR(i:'x, O^, p) < RSR(G'^, x®p)- Let P and X 
be the representation spaces of x a^^id p on A'^ and D^, respectively. Thus [P ® X,x® p) 
is an irreducible representation of := A"' xi (-D'^)x- Considering Definition 3.7 we only 
need to show that p is isomorphic to a submodule of the restriction of x p on D^. Fix 
a nonzero p & P and define a map ip from X to P <S> X by sending x to p a; for any 
X & X. It is clear that is a A; D J- module isomorphism. 

(iv) Considering Part (ii), we only show that RSR{Dy^,Oa, p) is — 1-type if and only 
if RSR(Gj^, Oct, X® p) is —1-type. Since Xp{^) — X{x®p)i^)^ claim holds. □ 

If — D, then it follows from the proposition above that RSR(£), O^r, p) < RSR(G', O^, 
Oy,^p). Therefore we have 

Corollary 1.10. Let G = A x D. If r < r' and p'^ = 6 (€> {») with D (i) = D, 

^g) e A^), u{G) = u'{Cg) and Ic{r,u) C Ic^{r',u') for any i G Ic{r,u), C G /C,(D), 
then RSR(P',r, '^,u) < RSR{G, r' , p , u') . Furthermore, if Ic{t, u) = {r', u') for any 
C G KriP) and )Cr'{G) = {Cg \ C e ICr{D)}, then RSR{D,r,~^ ,u) is -1-type if and 
only ifRSR{G,r', p' ,u') is —1-type. 

Lemma 1.11. Let G ^ Gi x G2. If cr ^ {cri,cr2) e G with pi G and p2 G G^^ 

then 

(i) G"^ = X G^; G1 = and Gf = G^\ 

(ii) = O^^ X O^^ , where denotes the conjugacy class containing a of G. 

(iii) RSR(Gi,a,,pi) < RSR(G,a„pi (g) P2) when 02 = 1; RSR(G2, O^^, P2) < 
RSR(G, Oa-2, Pi <S> P2) when ui — l. 

Proof, (i) It is clear G? = G^^ and Gf = G^^ For any x = (a, h) e G" , then xa = ax, 
which imphes that aai — uia and ha2 — 0-2/1. Thus x G G^ x Gf and G"^ Q G1 x Gf. 
Similarly, we have G^ xG^CG". 

(ii) It is clear. 

(iii) We only show the first claim. It is clear that pi is isomorphic to a subrepresen- 
tation of the restriction of pi (g p2 on the G^^ Indeed, assume that X and Y are the 
representation spaces of pi and p2, respectively. Obviously, G^^ -module {X,pi) is isomor- 
phic to a submodule of the restriction of pi <S> P2 on G^^ under isomorphism ip form X to 
X (8) yo by sending x to x <S> yo for any x & X, where yo is a non-zero fixed element in Y. 
□ 
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Lemma 1.12. Let G = Gi x G2 and a = {ai, (72) G G with pi G G^^ and p2 G (^2^. 

(i) //cT2 = 1, then RSR(G, ® P2) ^5 —1-type if and only z/RSR(Gi, is 
— 1-type. 

(ii) //(Ti = 1, then RSR(G, 0^2, Pi ® P2) is —1-type if and only z/RSR(G2, ^'0-2,^2) is 
—1-type. 

Proof, (i) Considering X/oi<8>P2(<^i) — Xpi('^i)deg(p2), we can complete the proof, 
(ii) It is similar. □ 

Lemma 1.13. 9^^p is a one dimensional representation of G" = x if and only 
if = D" and degp = 1 

Proof. Let P and X be the representation spaces of x and p on A"^ and D^, respec- 
tively. ((P ® X) (dkG-^ kG'^, Ox,p) ^ '^^^ dimensional representation of G'^ = A'^ x if 
and only if kG" = kG'^ and dimX = 1. However. kG" = kG'^ if and only if = D"^. □ 

Consequently, O^^p — x® P when 9~^^p is one dimensional representation. 

2 Classical Weyl groups 

In this section we give a necessary and sufficient condition for a Nichols algebra of ir- 
reducible YD module supported by A to be finite dimensional, and show that except 
in three cases Nichols algebras of irreducible YD modules supported by S„ are infinite 
dimensional. 

By Section 6 (i.e. the Appendix), [Ca72], [ZWW, Definition 2.5], [Su78, page 272], 
{C2Y ^ is isomorphic to the Weyl groups W{Bn) and W{Cn) of Bn and C„, where 
n > 2. If A = {a G (C2)" | a = (c/sS^f,"-- ,^2") with ai + as + ■ ■ ■ + a„ = ( mod 2)}, 
then A x S„ is isomorphic to the Weyl group W{Dn) of Dn, where n > 3. Obviously, 
when A = {a E (C2)" | a = (5'2^ S's^j ' ' ' j fi'2") with all Oj = 0}, A x are isomorphic to 
the Weyl group of An-i, where n > 1. Note that S„ acts on A as follows: for any a E A 
with a = {g2^ ,92^, • • • , 92") and h G S„, define 

h.a:^(g;'^-'^\g;'^-'^\...,g;'-'^-^). (2.1) 

Without specification, G = xi is a subgroup of (C2)" x S„. 

2.1 o- G A 

Lemma 2.1. IfaeA, then {A xi §„)^ = A x 
Proof. It is clear that (a, t) e {A x if and only if r G S^. □ 
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Let a = {92^,92^,- ■■ ^qT) ^ ^- If p is a representation of G*^, then p = Oi^^tg^) = 
{X ® /i) tfj.), with X = ® ® ■ ■ ■ ® X2" e A, (G-)^ = A X (S-)^ and := 
{r G I T ■ X = x} ci'iid /i G (§$^)x) see [Se, Proposition 2.5]. Let /r-o-,x •= &iar-i(i) + 
&2ar-i(2) + • • • &raaT-i(n), W^cr := | 7^ 0} and W^. = {i | fej 7^ 0}. It is clear that 
fT.a,x =1 Wr-a H |, where Wr-a = {i I a,-- 7^ 0} = rW^o-- /r o-,x is written as fr-a in 
short. Note that S„ acts on A as follows: for any x G /i with X = X2^ ® X2^ (8 • • • X2" 
/i G Sn, define 

/^•X:= (X2''"^'^X2''"^^^---,X2''"^^"')- 

Lemma 2.2. Under the notations above, we have 

(i) p((t) = g^.aid with q„^„ = (-!)•''". 

(ii) IfW^ = W^, then mx = K- 

(iii) // W^ = W^, then fg.„ = fg-i.„ for any 5- G §„. 

Proof. Let P and V be the representation spaces of x and ji, respectively. Then the 
representation space of p is kC^ ®k{G'')^ {P ®V). For any p & P, v &V and r G S„, we 
have 

p(r ■ a){l ®k{G'')^ ip ®v)) = l ®k(G-)^ (((r ■ a) ■ p) ® x) (2.2) 

= X(t • (7)1 ^iMG-k (P 2;) = (-l)^--l Ofe(G-)^ (p O x). 

(i) It follows from (2.2) that g^,^ = x(c^) = (-!)•''" • 

(ii) If r G S^, then r(WV) = VT^, i.e. t{W^) = W^. Consequently, r G (S^)^. 

(iii) Let g{Wa)nWa = {h, h, - ■ ■ , Ir] with 5'(mi) = /j for 1 < i < r. Then g~^{h) = rrii 
for 1 < i < r and g~^{W„) fl Wo- = {mi, 7712, • • • , mr). This implies = fg-^-a- ^ 

Theorem 2.3. Let G = A y\ E>n with a e A and n > 2. Then dim 03(0^, p) < 00 if 
and only if fa- is odd and either — or \ Wa\ — n or \ W^\ — n. 

Proof. Let P and V be the representation spaces of x a-nd p, respectively. Thus 
the representation space of p is kC^ ^kifi")^ {P ®V). Let ^ = 1 ^kic)^ {Po ® ^0) with 
Oj^PoePeiudOy^voeV. 

We show this by following seven steps. 

(i) If fa is even, then p{a) — (— l)-^'^id = id by Lemma 2.2 (see also [AZ07, Remark 
1.1]) and dim QS(0^,p) = 00. 

Prom now on we assume that fa is odd. 

(ii) Assume that Iq G W^^^flW;^, ii G and ^2 ^ Wa- Let hi — l,h2 — {io, ii, ^2), 
hs — h2^, ti — hi ■ a and 7^^ = hj^hi ■ a for i,j — 1, 2, 3. By simple computation we have 
712 = ^2 ^ • 721 ^ h2- a, 7i3 = /i2 • (7, 731 = /i2 ^ • 723 = ^2 ^ • and 732 ^ h2 ■ a. 
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Since (/i2 ■ o")j„ = io-th component of /i2 ■ o". (/i2 ■ o")*! = dl^ (^2^ " '^)io — 92-i 
(/12 ^ ■ = 92-1 have that a, h2 ■ cr and /i^^ • a are not the same. See 

fh2-a + fh-^.a = (^h-\io) + (^h2{io))K + (H:^Hh) + "'h2{h))K + (Oft-ife) + ah2{i2))bi2 
= (ai2 + aijfeio + (ail + «io)^i2 = 1 (mod 2). 

Consequently, fhj^hi-a + fh-'h^a = 1 ( mod 2) for i ^ j. Let B{hii®hji) = qij{hji®hii), 

where S is the braiding of the Cartan type. Then qij — (—1) ^''' '^ by (2.2) and qijqji — 
—1 — (^l^ with aij — —1 when i 7^ j. The braided subspace spanned by {/i^^ | i = 1, 2, 3} 
is not of finite Cartan type. Consequently, dim *B(0^,p) = 00 by [He06b, Theorem 4]. 

(iii) Assume that e W^HW^, ii e W;^\ and ^2 ^ W^. Let hi — 1, h2 — {iq, ii, ^2), 
h = /i2 \ = ^i-c^ and = hj^hi-a for i, j = 1, 2, 3. Since (/i2-(7)n = 512, (^2 ^•c^)io = S""; 
(/i^^ • a)i2 — gl, and (/i2 • (7)12 = fl'2' have that a, h2 ■ cr and /ig ^ ' not the same. 
See 

fh2-a + fh-^.a = {ai2 + an)K + («io + «i2)^n = 1 (mod 2). 

Consequently, dim QS(0^,p) = 00 by the same arguments as in Part (ii). 

(iv) If I Wa \— n, then dim QS(0^,p) < 00 since it is a central quantum linear space 
(see [ZZWCY, Proposition 3.15]). 

(v) Assume = W^. Then (S'^)^ = §^ by Lemma 2.2. Let Vi,V2,---Vs be the 
basis of V and — ^ ®k{G'^)^ ipo ® t'i) for 1 < i < s. {hi^j \ l<i<m,l<j<s} 
is a basis of M{0^,p), where G — U'^^hiG"' is a left coset decomposition of with 
hi e Sn. Let ti :— hi ■ a — hiah^^ and := hj^hi • a. Therefore, tihj — hjVij and 
B{hi$,^ <8) /ij^„) = xihj^hi ■ cr){hj^y O /ij^„). By Lemma 2.2 xi^j'^h ■ a)x{K^hj • cr) = 1 
for any 1 <i,i <m,l <u,v < s. Consequently, M((9^, p) is of a finite Cartan type and 
dim QS(C^,p) < 00. 

(vi) Assume \Wy^nWa \>l with \W^\=n. It is clear (S^);^ = S^. Since is odd, 
/t-.o- is odd for any r G S^. As the proof of (v), dim Q3((9^,p) < 00. 

(vii) If dim *B(0^,p) < 00, then is odd. If W„ ^ W^, then | 1^, \ W^^, |> 1 or 
\W^\W^ |> 1. When \Wa\W^\>l with | W„ \< n, it is case (ii). When \W^\W^\>1 
and I |< n it is case (iii). When | Wa | = n it is case (iv). When | n Wa |> 1 with 
I 1= it is case (vi). □ 

Corollary 2.4. Let G = ^4 xi S„ with a E A and n > 2. Assume p — 9^^^ = (x <E) 
p) tfj.)^. //dim S(0^,p) < 00, then 

I g{W,) n VF^ 1=1 g-\W,) nW^\ ( mo(i 2) (2.3) 

for any 5 G S„. 
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Proof. Suppose that there exists g E Sn such that (2.3) does not hold. This imphes 
that fg.a,x = fg-(T,x (mod 2) does not hold. By Lemma 2.2, Wa- ^ W^. Considering dim 
Q3(C^,p) < oo and Theorem 2.3, we have that | \= n. See 

I g{W,) n H gW, hi g-^W, h| g-\W,) r\W^\ . 

This is a contradiction. □ 

2.2 (7 G A„, alternating group 

Theorem 2.5. Let G — A >\ S„. If a e A„ with n > 5 and n ^ 6, then dim 
QS(C^, p) = oo for any p e G". 

Proof. It follows from [AFGV08, Theorem 1.2] that dim Q5(C^",p |a-) = oo. Apply- 
ing [AFGV08, Lemma 3.2], we have dim 03(0^, p) = oo. □ 

2.3 a eSn 

We rely on the general theory of representations of S„ as described in [Su78, Pages 295-299 

1. Let (J e S„ with cycle type 1^^2^^ ■ • -n^". Let rj :— ^i<k<j-i^^k and aj :— YIkkxj 
(^yr^+^i_i)j+i, yr^+{i-i)j+2, • • • , Vvj+ij) > the multiphcation of cycles of length j in 
the independent cycle decomposition of cr, as well as Yj := {ys \ s — rj + 1, ■ ■ ■ ,rj+i}. 
Therefore a = JJai and (§n)'^ = 11 (^^J'^' = 71 x • • • x r„. Obviously, every element in 
(Qp can be denoted by Xit^„t,„- ,t^,;i) ■= Xi' ® Xi' ® • • • ® X{"' for < t^^i <l-\. 

Proposition 2.6. LeA G = A x imth ci G §„■ Then (S„)'^(^) = (Sn)'^ ^/ ^^'^ cm/y if 
Yj C {1, 2, ■ ■ ■ , z/} or Yj- C {u + l,u + 2, ■ ■ ■ ,n} for 1 < j < n, where Yj is the same as 
in the begin of Section 2. 

Proof. If Yj C {1, 2, • • • , i/}, then Aij, Bhj G S{i,2,...,i.} for 1 < Z < and 1 < /i < 
Aj — 1, where Aij, B^j are the same as in the begin of Section 2. li Yj C {u + l,u + 

2, • • • , n}, then Aij, Bhj G S{i/+i,,y+2,- -,n} for 1 < Z < Xj and 1 < /i < Aj — 1. Consequently, 

(§„)-(., = 

Conversely, assume (S„)^(^) = {^nY- If there exists 1 < j < n such that Ij ^ 
{1, 2, • • • , u} and 1^ ^ i^+2, • • • , n}, then there exist a,b eYj with a G {1, 2, • • • , i/} 

and 6 G {i^ -I- 1, -I- 2, • • • , n}. Note Yj — {y^ | s = -|- 1, • • • , r^+i}. 

If there exists I such that a,b e {yrj+(i-i)j+i, yr,+{i-i)j+2, ■■■ , Ur.+ij}, then 
Aij ^ (S„)^(^), a contradiction. Thus there exist / 7^ /' such that a G Aij and 6 G 
Ai>j. Let a = yrj+{i-i)j+s and 6 = Considering Bhj G (S„)^(,), we have 

yrj+(i'-i)j+s G {!) 2, • • • , i/} which is a contradiction. □ 
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Theorem 2.7. Let G = A >i Sn with n > 2. Let a e §„ be of type {1^\2^\ . . . ,n^"). 
Assume that p = 6'^,^ = (x ® t(^-)^^ ^ ^^^^ x = iX2 ® ■ ■ ■ X2") ^ and 
H G (§^)x- If dim Q3((9^,p) < 00, then som,e of the following hold with C or with 
Yi n = %, where fi = ®i<i<nA*i with fii G Sy^ 

(i) Hi = sgn or e, 1^2 = X(i;2)- 

N (2^3^), fl2 = X(l;2), = X(0;3)- 

(Hi) (2^), = X(i,i,i;2) ®e or X(i,i,i;2) ® sgn. 

(iv) (4), Hi = X(i;4) or X(3;4)- 

Proof. Let p |ss= P^^^ © P^^^ ® • • • ® p*^"*^ be a decomposition of simple modules of 
p |§.. Since dim QS(0^,p) < 00, we have dim !B(M(C>^", pW) ® M(e)^",p(2)) ® • • • ® 
M(C>f",p("^))) < 00 by [AFGV08, Lemma 2.2]. Considering [HS08, Corollary 8.4] we 
have m = 1 and p |§ct is irreducible. Furthermore, p |§ct is one dimensional by [AFZ, 
Theorem 1] or [AFGV08, Theorem 1.1]. Since deg(p) = deg(p |§ct), we have that p is one 
dimensional and (§^)^ = by Lemma 1.13. Consequently, Yj C or Yj fl W-,^ — 
by Proposition 2.6. Consequently, the result follows from [AFGV08, Theorem 1.1] and 
[AZ07, Table 2]. □ 

2.4 a = {a, r) with a = (^2, P2, • • • , P2) e ^ 

Lemma 2.8. Let G = A x S„ with a — {g2, ■ ■ ■ ,92) G A and let the type of a be 

(i) {a, a) and {l,cr) are conjugate in G if and only if Xi — for any odd i. 

(ii) (a, a) and (1, a) are conjugate in G if and only if every sign cycle (see the Appendix 
for its definition) of {a, a) is positive. 

Proof. It follows from Theorem 6.4 in the Appendix. □ 

Proposition 2.9. Let G = A >i Sn with n = A. If a = (1,2)(3,4) and ai + 02 = 
03 + a4 = (mod 2) with a = (^2"', 52^, ^2% ^2'); then dim Q3(Og_^), p) = 00. 

Proof. By Lemma 2.8(ii), Cg^^ = Og^^. It follows from [ZCZ, Proposition 1.5] that 
there exists p' G G" such that M{Of^^^^,p) ^ M{0^,p') (th is is a pull-push isomorphism 
of YD modules, see [ZZC]). dim <B(e)^%p' IS4) = 00 by [AZ07, Theorem 2.7]. It follows 
from [AFGV08, Lemma 2.3] or Corollary 3.5 that dim ^{Of^^^^,p) = 00. □ 

Let G — A ><iEin and r G S„ with a — (a, r) G G. It is clear that the following hold: 

(i) = = X 

(ii) For any p G G^, there exists x ^ -^^ and fj, G (S^)x such that p = ^^^^^^ = 
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Proposition 2.10. Under the notations above we have: 

(i) If x{<^) = 1; then dim p) < oo if and only if dim ® r)' P) < ^ 

(ii) If x{'^) = ~1; ^^e?^ impossible that ^{O'^^^y p) and are finite 
dimensional simultaneously. 

Proof. Let M := M(C»[;_^),p) and iV := M{Of^^^yp) with p(q;,t) = g^id and 
p(1,t) = g^'^^id. It is clear that q^^'^ = x{'^)q^^''- Let V be the representation space 
of p with a basis xi,--- ,,t„. O'^^^^ = aO^^^y Assume that G = W^^^hiG^"''^^ is the 
decomposition of left coscts of G*^"'^) in G. Then G = U'^ihiG^^''^^ is the decomposition 
of left cosets of G^^''^^ in G. It is clear 0^ — {ij | ti — hiTh^^, 1 < i < m}. See 

BM{hiXj ® hgXt) = x{oi)BN{hiXj (g) /i^Xt) (2.4) 

for 1 < i,s < m, 1 < j,t < n, where Bn and 5m denote the braidings of and M, 
respectively. Consequently, M = A'" as braided vector spaces when x(q!) = 1, i.e. (i) 
holds. 

For (ii), assume x('^) = ~1- If dim ^(O'^^ ^y p) < oo, then q^^^ = —1 and q^^^ = 1. 
Consequently, dim 23((9|^ r)' ~ Conversely, if dim 2S(C(^ r)' ^) then g^^^ = — 1 

and g*^^^ = 1. Consequently, dim ^{O^^^y p) = oo. □ 

3 Subgroups 

In this section we establish the relationship between Nichols algebras over a group G and 
a subgroup D of G. 

If p is a representation of G with representation space M, then M becomes a right 
/cG-module under the module operation x ■ g := p{g){x) for any g E G, x E M. For 
convenience, p is said to be a /cG-module. 

The following Lemma will simplify the concept of isomorphisms about RSR in [ZCZ, 
Definition 1.1]. 

Proposition 3.1. RSR{G,r,~^ ,u) = RSR(G',r', p' ,u') if and only if the following 

conditions hold: 

(i) There exists a group isomorphism (p : G ^ G' . 

(ii) For any G e JCr{G), there exists an element he E G such that 4>{hQ^u{G)hc) — 

(Hi) For any G G }Cr{G), pc = P<j){c)<Phc representations of G^^'-'\ where (phdh) = 
(j){h~^hhc) for any h G G; pc := ®i&ic{r,u)Pc P^(c) •= ®ieJ,A(c) ^'^c) represen- 
tations of G^^^^ and G''^ respectively. 

Proof. It is enough to show that the third conditions in this Lemma and [ZCZ, 
Definition 1.1] are equivalent. If the third condition in [ZCZ, Definition 1.1] holds, then 
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for any C G ICr{G), there exists a bijective map (pc '■ Icif^^u) — > /(^(c)(r', -u') such that 
p^^^ = p'^^^l"^^ (f^hc representations of G"*^*"-* for all i G Ic{r,u). It is clear that pc = 
P(f>iC)<Phc representations of kC^^^^ for any C G lCr{G). Conversely, if the third condition 
in this lemma holds, there exists a bijective map (pc '■ Ic{r,u) — )■ I^(c){r',u') such that 
pg) ^ p'i{c)'^V/ic as representations of G'"^^) for all i G Ic{r,u). □ 

Let D be a subgroup of G. In the rest of this section, G denotes the conjugacy class 
of D, and Gq denotes the conjugacy class of G containing G. 

Definition 3.2. Letr andr' be the ramifications of D andG, respectively. RSR(D, r, u) 
is called an almost sub-RSR ofRSR{G,r',^,u'), if Ic{r,u) — \ i G Icair' ,u'), j G 

Qc'(i)} for an index set Qci'i) (ind ®j£nc(i)Pc''''' isomorphic to a suhrepresentation of 
the restriction of p'^^^ on L>"(^) with u{G) = u'{Gg) for any G G lCr{D), i G Ica{r',u'). 

Obviously, if | |— 1 any G G ]Cr{D), i G Icdr^u'), then RSR{D,r,^ ,u) is 

a sub-RSR of RSR(G', r', p^, -u')- 

Proposition 3.3. IfRSR{D,r,~^, u) is an almost sub-RSR of RSR{G , r' , u') , then 

(i) kQ'^{D, r, u) is a Hopf subalgebra kQ"^{G, r', p' , u'). 

(ii) kD[kQ'',D,r,~^, u] is a Hopf subalgebra kG[kQ"^, G, r', p , u']. 

(iii) If^{G, r', p^, u') is finite dimensional with finite group G then so is ^{D, r, u). 

Proof, (i) For any G G ICr{D) and i G Ica{r', u'), let X^'-''^ be the representation space 
of pg'^'' with a basis {xg'"''*'' | s G Jc{i,j)} and let -^'c-q be the representation space of 
p'g^ with a basis {x'^'^^ \ s G Jcai''-)}- Jc{hj) are pairwise disjoint subsets of an index set 
Jcaii), i.e. Uj^n^(^i-)Jc{i,j) C jQ^{i). Let V'c'' a /c£)"*^*^^-module monomorphism from 
e,6f,^(,)Xg'^') to X% with x'g;!^ = ^g^(4''''^) for i G /cG(r',«'), s G U,-,nc«^c(^, j)- 

Let be an inclusion map from kD to kG and be a map from kQl{D,r,J^,u) 
to kQ[''{G,r',^ ,u') by sending to a'^'':^^ for any y,x e D, i e Ica{r',u'), j G 

ilc(O) * ^ Jcihj) with x"-*^?/ G C G JCr{D). Now we show that is a /cD-bimodule 
homomorphism from kQl to (i,{kQ['^)^ and a /cG-bicomodule homomorphism from ^{kQf)'^ 
to /cQ'i'^. We only show this for right modules since the others are trivial. For any h e D, 
G e ]Cr{D), i e Ica{r',u'), j eQc{i), s e Jc{i,j), x,y e D with = gg^u{G)g0 and 
geh — Ce{h)g0>, Ceih) e -0°', 9, 9' G ©c ^ ^Cg^ where ©c, ©c^ are index sets in the right 
coset decompositions of D, G, respectively (see Lemma 1.2), we have 

^{o^^-'-h) = ^( E ^£r'^4^£) (by [ZCZ, Proposition 1.3]) 



E C?«X/. (by [ZCZ, Proposition 1.3]), 



Ji,s,t) ,(i,t) 
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where 4'-^ ■ Ce{h) = E..^(,,) ^gf ^'g? " Ce{h) = EteJa,^&'^^ ^^^h 
^gf'^ & e k. Since 

— \ '^C,h -^C I — '^C,h Cg ' 

t€Jc{i,j) t€Jc{i,j) 

we have /cg'{'*'*'' = /^Cg,'^ • This imphes ip{ay'x^^ ■ h) = ip{ay'x^^) ■ h. 

Let Tl{M) be a cotensor coalgebra of L-bicomodule M over coalgebra L. By [ZZC, 
Lemma 1.5], T^Q{(f)TTQ,ilJ7ii) := </)7ro + X]n>o -^"('^■""i)^"-! ^ graded Hopf algebra map 
from T^j-,{kQ\) to Tj:Q{kQ['^) , where A„_i denotes a (n — l)-fold coproduct. By Lemma 
3.4, (T^j^ikQ^J)! = kD + kQ\. Since the restriction of T^'gI^ttq, ^tti) on {T^D{kQ\))i is 
+ ■(/', we have that T^(^(07ro, '?/'7ri) is injective by [Mo93, Theorem 5.3.1]. 

(ii) It follows from Part (i). 

(iii) By [ZCZ, Lemma 2.1], kDlkQ", D, r, 'f, u] ^ ^{D, r, 'f, u)4^kD and kG[kQ'^, G, r', 
P^,m'] = ^{G,r', ,u')i^kG. Applying Part (ii) we complete the proof. □ 

Assume that V is the representation space of left representation p with p{g) [v) — g -v 
for any g & G,v & V. We can obtain a right representation p as follows: 

{v){h)p = p{h''){v) (3.1) 

for any h E G, v e V. 

Every arrow YD module {kQ\, ad{G, r, u)) has a decomposition of simple YD mod- 
ules: 

{kQl,ad{G,r,~^,u)) = ®ceiCr{G),ieic{r,u)kQl{G,Ou{c), Pc)^ (3-2) 

where kQ\{G,Ou(c), Pc) '■= I ^ ^ Ou{c),i e Ic{r,u),j e Jc(i)}- 

Lemma 3.4. Assume that M = M{0^^, p^^^)®M{Og, p^"^^) ■ ■ ■©M(C^^, p(™)) is a YD 
module over kG. Then there exists an RSR(G, r, "j^, m) such that {kQ\,ad{G,r,~^,u)) = 
M as YD modules. 

Proof. Define i ~ j if and only if (jj and aj are conjugate to each other in G. It is clear 
that " ~ " is an equivalence relation of $ := {1, 2, • • -m}. Let $/ ~ be representatives 
of the equivalence classes, which we denote by [i] (i e $) as usual. Set r^ :—\ [i] |, 
r = Eie^/^rcA, where C, = Og; /C,(G) := {Og \ i E u{C,) = a, and p^f = 

as in (3.1) for any i e $/ ~ and j e [i], where [i] :— {j e ~ i} with Ic^{r,u) :— [i]. 
By [ZZWCY, Lemma 1.1], kQl{G,Oc„ p^J^) ^ M{0%,p^^) for any i e $/ ^, j e [i]. 
Consequently, (^Q}, ad(G', r, 7", li)) ^ M. □ 
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Corollary 3.5. Let o"2, ■ ■ ■ , <^m be pairwise non-conjugate elements. Assume that 
M' := M(C^^,p'«)©M(0^^,p'(2)) . . .©M(C^^,p'(™)) andM:= &'iU®%iM{0^^, p^'^^^) 
he YD modules over kG and over kD with ai E D for 1 < i < m, respectively. //©j=ip'-*'"'^ 
is isomorphic to a subrepresentation of the restriction of p'*^*) on D'^^ for any 1 < i < m, 
and dimQ5(M) = oo, then dim<B(M') = oo. 

Proof. We first construct RSR{D,r,~^ ,u) and RSR(G',r', p' ,u'). For 1 < i < m 
and 1 < J < Ui, set Ci := O^., tq^ = Ui and u{Ci) = ai. Define a ramification data 
r = EtircA of D, f^f := p(^) as (3.1), Ic^(r^u) := \1<J< n,}. Let q = O^^, 

r'(,, = 1 and r' = El^i^c'^^i- define p'g := and k'(C;) = cr^ with Ic'.{r',u') = 1. It 
is clear that RSR(D, r, "j^, is an almost sub-RSR of RSR(G, r', ~^ , u'). By the proof of 
Lemma 3.4 {kQ\,a.d{D,r,~^ ,u)) ^ M and (A;gi, ad(G, r', p^, m')) = M' . It follows from 
Proposition 3.3(iii) that dim<B(G', r'p' , = oo and dim<B(M') = oo. □ 

Remark 3.6. Corollary 3.5 generalizes Proposition 1.6(iii). That is, if p E and 
p \d''— A*^^^©A*^^^®- • -©/x^"*^ is a decomposition of simple modules withdim.[^{M{0^ ., p,^^^)® 
M{0^, . . . e M{0^, //("^))) = oo, then dim<B(0^, p) = oo. 

Let D be a non-empty subset of G. If M = M(C^^, p(i))©M(C^^, p(2)) . . .©M(C^^^, p(™)) 
is a YD module over G with D (1 O^. ^ for 1 < i < m, then M is said to be supported 
by D. In particular, if (Xj = o" for 1 < i < m, then M is said to be supported by a. 

, u) is called to be supported by D if D fl C 7^ for any C G lCf{G). In fact, 
arrow YD module {kQ\^ ad(G', r, 7^, m)) has a decomposition of simple YD modules: 

{kQ\,aA{G,r,~^,u)) = ®ceKr{G),ieic{r,u)kQ\{G,Ou{c), Pc)- (3-3) 

Thus RSR(G', r, 7^, ?i) is supported by D if and only if so is (/cQi, ad(G', r, 7^, m)). 
The following Corollary is well-known. 

Corollary 3.7. Let D he a suhgroup of G with S C D. 

(i) // Nichols algebras of all reducible YD modules over D supported by S are infinite 
dimensional, then so are Nichols algebras of all reducible YD modules over G supported 
byS. 

(ii) If Nichols algebras of all irreducible YD modules over D supported by S are infinite 
dimensional, then so are Nichols algebras of all YD modules over G supported by S. 

3.1 Central quantum linear space 

A central quantum linear space is a finite dimensional Nichols algebra, which was intro- 
duced in [ZZWCY, Def. 2.12]. RSR(G, r, u) is said to be a central quantum linear type 
if it is quantum symmetric and of the non-essentially infinite type with C C Z{G) for any 
C e )Cr{G). In this case, ^{G,r,~^ ,u) is called a central quantum linear space over G. 
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We give the other main result. 

Theorem 3.8. ^{G,r,~^,u) is a central quantum linear space over classical Weyl 
group G if and only if C ^ {(g2, ■ ■ ■ ,92)} Q G, r ^ rcC, p^^ = 6* « « := (xc ® 

/^g^) t^rSe G^) with e {xf ' ® xf ®---® )(f I + 5» + • • • + <5« IS odd } for 
an?/ i e /c(?^, 

Proof. It is clear 6' (o (i)((g'2,-- - ,92)) — X2(92Y^'^'^^^'^'^""^^"^ id as in the proof of 

Xc ^Pc 

Lemma 2.1 (ii). Applying [ZZWCY, Remark 3.16], we complete the proof. □ 
In other words we have 

Remark 3.9. Let G = A xi §„. Assume that a =: {g2,g2,''' ,92) G G and M = 
M{Oa,p^^^) © M(C»„,p(2)) © ■■■ © M(0„,p('")) zs a YD module over kG with pW = 
6y(i) u(i) ■= (x^*"* © /^^*^) Tg" ^ /^'^ i = 1, 2, • • • , m. r/ien !B(M) is /im^e dimensional 
if and only if X^^\'^) = ~1 /'^'^ 1 < i < m. 

In fact, if there is 1 < i < m, such that x^^H*^) — ^^^^ dimQ5(M) = 00 by 
Proposition 2.10. 

4 Nichols algebras of reducible YD modules over 
classical Weyl groups 

In this section we present the necessary and sufficient conditions for Nichols algebras 
of reducible YD modules supported by one element in A to be finite dimensional. Wc 
prove that if M is a reducible YD module over kG supported by S„ with n > 3, then 
dim OS (M) = 00 and if M is a YD module over kG supported by A„ with n > h and 
n 7^ 6, then dim^B(M) = 00. 

Ox and Oy are said to be commutative if st = ts for any s & O^, t G Oy. 

Proposition 4.1. If M is a reducibleYD module over or over Kq, t/ien dimQ3(M) = 
00. 

Proof. Let T{G) :— {Of \ s E G, there exists an irreducible representation p of G^ 
such that <B(Os,p) < 00}. 

(i) Let G := A4. It is clear that si := (1), S2 := (1,2)(3,4), S3 := (1,2,3) and 
S4 := (1,2,4) are the representative system of the conjugacy classes of A4. By [AF07, 
Proposition 2.4], Og^ ^ ^{G). It is clear that 7^ •53S2, ^284^ ^ S4S2, Ss{s2SsS2^) 7^ 
(828382^)33, 84(828482^) ^ {828482^)84, 54(54535^^) 7^ {848381^)84. Therefore, and Og. 
are not commutative for any (i,j) 7^ (2, 2), 1 < i,,;' < 4. It follows immediately that 
dimS(M) = 00 from [HS08, Theorem 8.2]. 
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(ii) Let G := Ag. If Os ^ C(i2)(3456), then dim<B(C»„p) = oo by [AF07, Theorem 2.7]. 
However, 0(i2)(3456) and 0(i2)(3456) are not commutative since (12) (34) (12) (3456) (12) (34) = 
(12)(4356) and (12)(4356)(12)(3456) ^ (12)(3456)(12)(4356). It follows immediately that 
dim!B(M) = oo from [HS08, Theorem 8.2]. □ 

Theorem 4.2. Let G = A x Sn- 

(i) IfM is a reducibleYD module overkG supported byE>n withn > 3, then dim.^{M) — 

oo. 

(ii) If M is a YD module over kG supported by A„ with n > 5 and n 6, then 
dimQ3(M) = oo. 

(iii) If M is a reducible YD module over kG supported by A„ with n > A, then 
dimQ5(M) = oo. 

Proof, (i) It follows from [HS08, Corollary 8.4] and Corollary 3.7. 

(ii) It follows from [AFGV08, Theorem 1.1] and Corollary 3.7. 

(iii) It follows from Proposition 4.1 and Corollary 3.7. □ 

Theorem 4.3. Let G = A y\ E>n with a e A and n > 2. Let M = M{0'^,p^^^) © 
M(0^,p(2)) © ... © M(C^,pM) with p« = e^^^(.) = {x® l^^^) t^^: mth x e A for 
1 <i <r. Then dim !B(M) < oo if and only if dim !B(0^, p'-*-') < oo for 1 <i <r. 

Proof. The necessity. It is clear. The sufficiency. By Theorem 2.3, /o- is odd and 
either = or \Wcr\ = n or \Wy.\ = n. If fa- is odd and \Wa\ = n, then it follows 
from [ZZWCY, Proposition 3.15] that dim Q3(M) < oo. If is odd and \W^\ < n, 
then (S$^)^(i) = S^. Let P*^*^ and V*^*-* are representation spaces of x*'*'' and /i^*^. Let 
Vi\vi'\ ■■■vS be the basis of ^ pf e P^*) and ^ = 1 <8)fe(G-)^(,) {pf ® vf) for 
^ j ni with Ui = deg(/i'^*^). It is clear that {hi^j^^ \ i < i < rn,! < j < Uy, 1 < z/ < r} 
is a basis of M, where G — If^-JiiG'^ is left coset decomposition of G'^ with G §„. Let 
ti := hi ■ a = hiah^^ and := h~^hi ■ a. Therefore, tihj = hjrij and B{hi^u^ hj^i" ■*) = 
x{lij){hjCi''^ <S)hi^u^). By Lemma 2.2 x(7ij)x(7ii) = 1 ^^r any I < i, j < m, 1 < u,v < s. 
Consequently, M is of a finite Cartan type and dim 03 (M) < oo. □ 

Theorem 4.4. Let G = Ax§„ andM = M(0^^, p«)eM(C)^^, p^^))^. . .eM(0^^, pW) 
with p(^) = 0^(i),^(i) = (x^'^ ® A*^'^) tg-i ; X^^^ e (Ji e A ano? n > 2 /or 1 < i < r. //dim 
03(0^., p«) < oo and 

I g{W,,) n W^^o-) 1=1 g-\W,.) n ly^w I ( mod 2) (4.1) 

/or any g G S^; ^ ^hj then dim Q3(M) < oo. 

Proof. By Theorem 2.3, /o-^^^c*) is odd and either VF^(i) = VFo-. or |Wo..] = n or 
] W^(i) ] = n for 1 < i < r. 
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If /cTj is odd and \Wa^\ < n for any 1 < i < r, then it follows from Lemma 2.2 that 
(S^^)^(,) = §^>. Consequently G for 1 < i < r. Let P« and \/(^) are representation 
spaces of x*^*^ and /i^*^. Let ■* , t;2*'' , ■ ■ ■ '^ni' be the basis of V^'-\ ^ p-^ G P^*^ and 
^f' = 1 (X)fc(G<') {Pq ® v^^) for 1 < j < nj with rii = deg(/i*^*)). It is clear that 
{hl'^'^Cj''^ \ 1 < i < m^,l < j < n^,l < u < r} is a basis of M, where G = U^Ti/if ^G'^'' 
is left coset decomposition of G"'" with /ij^*^-* G S„. Let t^^^^ := hl"^ ■ = hf^ (7y{h'f^)~^ 
and 7^''^ := {h^jY^hf^ ■ a„. Therefore, tf\f = /if VJ'^^ and P(/if ^^"^ ® /^f d"') = 
X^^Kl^^'^^hfil""^ ® /^f ^d"^ By condition (4.1), X^^\l^^''^)x^^Kl%^''^) = 1 for any 1 < 
i < TTT-u, 1 < J < 1 < M, V < r. Consequently, M is of a finite Cartan type and dim 
Q5(M) < oo. 

Assume that f^. is odd for any 1 < i < r and there exists zq such that iM^o-igl — ''t- 
We can assume that {W^i | = n for 1 < i < p and \Wai | < n for p + 1 < i < r. If r = p, 
then dim ^(M) < oo since it is a central quantum hnear space (see [ZZWCY]). Now 
1 < p < r - 1. Let G^" = u|^ig'J"^(G''")^(„) is a left coset decomposition of (G''")^(.) with 
^ e §„. Set d? := ^ ®ik{G-)^(.) ® ^) for 1 < 11 < p, 1 < i < Z„, 1 < i < n,. 
It is clear that {/ii"'dj \ < s < ruu, I < u < p, 1 < j < n^, I < i < Q U {hf^f'^ \ 
1 <i < rriv, 1 < j < Uy, p -\- 1 < V < r} \s Q. basis of M. Clearly, 

B{h!f\^:^<^hfi^}) = x(^)((^7j"VSlr^^?["')(/if^d?®/^f^e^) and 

See 

+ I (yfy'(M"V'/^?^W/.„ n I (since |VF.J = n) 

= ( mod 2) (by condition (4.1)) 

and 

for any I < i < m„, 1 < j < m„, p+l<t'<r,l<M<p, l<s< n^, I < t < lu, 
I < z < flu- Also see 

Bih^kS^h^^^^)) - X^'''\<^u)h^'^C^)^hfcS and 

X^"'H(7n)x^"Hf^n') = (-l)^-.x(«')+4„„x(") ^ 1 (by condition (4.1)). 

Consequently, considering the proof of Part (i) , we have that M is of a finite Cartan type 
and dim S(M) < oo. □ 
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Corollary 4.5. Lei G = A x §„ with n > 2 and M = MiOg.p'-^^) © M{Og,p^^^) © 
••■ © M{Og,p^''^) with (Ti e A and dim < oo for I < i < r. If for any 

'U,fG{l,2,---r} withuy^v, one of the following conditions holds, then (4- i) holds and 
dim 03 (M) < oo; 

(i) cr„,(j^ ^ ^(G^) if^^^ l^x'"'l ^ ^ '^'^'^ l^x^"^! ^• 

(ii) = n and \ W^(v) \ — n. 

(iii) \W,^\ = \W,^\=n. 

(iv) = n and [W^^l = n. 

Proof. Considering Theorem 4.4 we only need show that (4.1) holds. 

(a) . If (i) holds, then W^(u) = W^^ and W^(v) = W^, by Theorem 2.3. See 

I 5(^.J niy^w I = I g{w„^)nw^^ 1=1 n5(w^,J) I 

= lr'(w^aJnw^M I . 

(b) . Obviously, if (ii) or (iii) holds, then (4.1) holds. 

(c) . Assume that (iv) holds. Considering (b) and (c), we can assume that iW^Ci^)] < n 
and \Wa^\ < n. By Theorem 2.3, W^(v) = W^,. Thus (4.1) holds. □ 

Proposition 4.6. Let G = A x §„ with n > 2 and M = M{Og,p^^'^) © M{Og,p^^^) 
with (72 G A and 02 7^ ox := {g2, ■ ■ ■ ,g2)- If there exists g E Sn such that (4-i) does not 
hold and some of the following hold, then dim ^(M) = 00; 

(i) degp(2) > 3. 

(ii) dcg/i(i) > 3. 

(iii) dcgp*^^' > 2 and deg/i*^^) > 2. 

Here p^^ = 0^(^)^^(^) with e i /or i = 1, 2. 

Proof. If /o-j is even, then dim 05 (M) = 00. So we assume that /o-. is odd for i — 1, 2. 
The notations in the proof of Theorem 4.4 will be used in the following. Set u — 1 and 
V = 2. We show this by following several steps. 

(a) , lig^ G'^", set g = ((?i"VH/i^"VM'^ with h'f^ = g^^^ = 1. 

(b) . If 5 e G'^", set g = (^fV^(/iS"V^/iS'^ with /ij"^ = = 1. 

(c) . We assume that in case (a) i = 1, i = 1 and j — 2; in case {h) t — 1, i = 1 and 
j = 1. Clearly, 

and 
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for any 1 < s < n„, 1 < z < Uu- 

We consider the Dynkin diagrams of the braided vector space A;-span {tii''^^s"\ h^j^^^i^] \ 
l<s<n,u,l<z< n„.}. It is clear that there exists a hne between every element in 
{h^ki"\ I 1 < s < n4 and every element in {h^^^^l^] \ ^ < z < n„}. 

Obviously, the Dynkin diagrams of the braided vector space /c-span {h^j"^^i^\ h^^^^l^"] \ 
1 < s < rijj,! < z < riu.} are not of finite Cartan types in case (i), (ii), (iii). Consequently, 
dim ?B(M) = oo by [He06b, Theorem 4]. □ 

Lemma 4.7. Let G = A >i Sn with a e A, a = {a,r) e G. Then and are 
square-commutative if and only if a & Z{G) or — 1 

Proof. If and O^' are square-commutative, then (// • a)a{fi ■ a)a = a{fi ■ a)a{fi ■ a) 
for any n e S„, which is equivalent to ((/x ■ a)a(r ■ (/x ■ a))(r ■ a),r^) = (a(r ■ (/x ■ a))(r • 
a)(r^ • (/i. • a)), r^). It also is equivalent to 

(//•a)=T^-(//-a). (4.2) 

If 7^ 1 and a ^ Z{G), the center of G, then there exists an independent cycle 
{ii,i2,--- ,ir)^'^ of with r > 1 and there exists a /i G such that (/i ■ a)jj = 
and (/i • a)i2 = 5*2 • Obviously (r^ • (/x • a))i-^ = g^. This implies t"^ ■ {n ■ a) ^ n ■ a. Thus 
and are not square-commutative, which is a contradiction. 

Conversely, it is clear when a e Z{G). Now assume that a ^ Z{G) and = 1. For 
any ^ e S„, we have {^r^^^)"^ = 1. Thus and (9^ are square-commutative. □ 

Lemma 4.8. LetG^AxiD. Let {a, a), {b, r) e G with a,b e A, a,T E D. If Of^^^^ 
and Oqj^^ are square- commutative then and are square- commutative. 

Proof. It is clear that (a, cr)~^ = {a~^ ■ a~^, a~^) and 

(6,T)(a,(7)(6,r)-^ = (6(r • a)(T(7T-^ • 6"^), Tcrr"^). (4.3) 

For any x G and y G , by (4.3), there exist c, d G A such that (c, x) G C^(^cr) ^^"^ 
((i, I/) G . Since (c, x) (rf, y) (c, x) (rf, y) = (ci, y) (c, a;) (d, y) (c, a;) , we have xyxy = yxyx, 
i.e. and are square-commutative. □ 

Lemma 4.9. Let 1 7^ cr, 1 7^ r G S„ with G = S„ ano? n > 2. If Oa and Or are 
square-commutative, then one of the following conditions holds. 

(i) n = 3, a = a = C?(i23) or a = C>(i2) ano? a = C>(i23)- 

(ii) n = 4, Og. = = ^(i2)(34) or = C'(i2)(34) and Or = C(i234) or O^ = C(i2) a^c? 

Cr = C'{12){34) • 

(in) n^2k with k > 2, O^ ^ 0(i2) and Or = 0(i2)(34)-(n-i n)- 
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Proof. We show this by following several steps. Assume that 1^^2 '^---n " and 
lK2^'2 ■ ■ -n^'n are the types of a and r, respectively; O^^ and O^- are square-commutative. 

(i) Let n = 3. Obviously, 0(i2) and 0(i2) are not square-commutative. Then = 

Or = 0(123) or a = 0(12) and Or = 0(123). 

(ii) Let n = 4. The types of a and r are 2^; 4^; 1^3^; 1^2^, respectively. 

(a) . C(i2)(34) and C(i23) are not square-commutative since (12)(34)(123)(12)(34) = 
(214), which implies (12)(34)(123)(12)(34) ^ G'(^23)_ 

(b) . 0(i234) and C(i234) are not square-commutative since ((1234)(4231))^ and 
((4231) (1234))2 maps 1 to 1 and 2, respectively. 

(c) . C(i234) and 0(i23) are not square-commutative since (1234) (123) (1234) maps 1 to 

4. 

(d) . C(i234) and C(i2) are not square-commutative since (1234) (12) (1234) maps 2 to 

4. 

(e) . 0(i23) and 0(i23) are not square-commutative since (134) (123) (134) maps 2 to 4. 

(f) . 0(i23) and C(i2) are not square-commutative since (14) (123) (14) = (423). 

(g) . C(i2) and C(i2) are not square-commutative since (14) (12) (14) = (42). 

(iii) If cr = (12 • • - r) with n > 4, then r — n or Oa — 0(12) and Or — C'(i2)(34) -(n-i n) 
with n = 2k > 2. In fact, obviously, G"^ is a cycle group generated by (12 • • - r). 

(a) . If Ag 7^ and n — r > 1, set i = (• ■ ■ , r, r + 1, r + 2 ■ ■ ■ )ti, an independent 
decomposition of t G Or- See tat{r) = r + 2, which implies tat ^ C^. 

(b) . If A3 7^ and n ~ r = 1. Set t = (l,r, r + l)ti, an independent decomposition of 
t e Or- See tat{r + 1) = t{2) < r + 1 since r 7^ 2, which implies tat ^ G". 

(c) . If there exists j > 3 such that A^- 7^ with n > r > 2, set t = (■ ■ ■ , r — 2, r — 
1, r, r + 1, ■ ■ ■ )ti, an independent decomposition of t e Or- See tat{r — 2) = r -|- 1, which 
implies tat ^ G'^. 

(d) . If there exists j > 3 such that A^- 7^ with r = 2, set t = (123- ••)ti, an 
independent decomposition of t G Or- See tat{2) = 4, which implies tat ^ G"^. 

(e) . If the type of r is l^'i2^ with n > r, set t = (r r+1) G Or- See tat = (1 • • -rr+l) ^ 

G". 

(f) . If the type of r is l^'i2^2 with n > r > 2 and A2 > 1, set t = (r r -h l)(12)ti, an 
independent decomposition of t E Or- See tat = (2 1 ■ ■ ■ r + 1) ^ G'^. 

(g) . If the type of r is l^i2^2 with r = 2, A'2 > 1 and A; 7^ 0, set t = (l)(23)ii, an 
independent decomposition oft E Or- See tat = (13) ^ G"'- 

Prom now on assume that both a and r are not cycles. 

(iv) If n > 4 and cr = (1, 2, • • • , n) is a cycle, then it is a contradiction. 

(a) . If A2 7^ 0, set t — (1, n)(2, 3, • • • )ti, an independent decomposition of i G Or- See 
tata{l) = i(4) 7^ 1 and atat{l) = 1. 

(b) . If A3 7^ 0, set t = (123)^1, an independent decomposition of t G Or- See 
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tata{l) = t(4) and atat^l) = 2, which imphes that tat ^ since t(4) > 3. 

(c) . If A4 7^ 0, set t = (1234)ti, an independent decomposition of t e O-,-. See 
tata{l) = 1 and at(Tt{l) = 5, which imphes tat ^ C^. 

(d) . If n > 5 and there exists j > 4: such that A^- 7^ 0, set t = (12346 ■■■ an 
independent decomposition of t G Or- See atat{l) = 5 and tata{l) = 6, which implies 
that tat ^ G". 

(e) . If n = 5 and there exists j > 4 such that A^- 7^ 0, set t = (13254) e Or- See 
atat{l) = 2 and i(7t(7(l) = 3, which implies that tat ^ G^. 

(v) If n > 4 and there exists r > 1 such that A^ > 1, then n — A^r. Let a — 
(1, 2, • • • , r)(r + 1, • • • , 2r) • • • ((A^ — l)r + 1, • • • , \r)ai, an independent decomposition 
of a. Assume n > A^r. 

(a) If r > 2 and A^ = for any j > 2, set t — (1, n)(2, 3)ii, an independent decompo- 
sition of i e Or- See tat — {n, 3, 03, • • • , a^) • • • , which implies that tat ^ G'^. 

(b) . If r = 2 and A^- = for any j > 2, set t — (1, n)(2, 3)ii, an independent 
decomposition of t e Or- See tat — {n, 3) (2, i(4)) • • • , which implies that tat ^ since 
t{A) > 2. 

(c) . If there exists j > 2 such that A^- 7^ 0, set i = (1, ai, • • • , a^, A^r, Arr-|-1)(2, 3, • • • )ti, 
an independent decomposition of t e O,-- See tat{\rr -\- 1) — ta{l) — which implies 

that tat ^ G". 

(vi) If n > 4 and A,. < 1 for any r > 1, then this is a contradiction. Assume 
that there exist r and r' such that A,./ 7^ and A,,. 7^ with 2 < r' < r. Let cr = 
(12 ■ ■ ■ r)(r + 1 ■ ■ ■ r + r')(7i be an independent decomposition of a. 

(a) . If A^ = for any i > 2, set t = (1 n)(23)ti, an independent decomposition of 
t G Or- See tat = (n 3 ■■■)■■■ , which implies that tat ^ G" . 

(b) . If r > 3 and there exists j > 2 such that A^- 7^ 0, set t = (l.fli, ■ ■ ■ ,ap,r, r + 
1)(2, 3, ■ ■ ■ )ti, an independent decomposition of t e Or- See t(Tt(r + 1) = 3, which implies 
that tat ^ G". 

(c) . If r = 3 and there exists j > 2 such that A^- 7^ 0, set t = (123 ■ ■ ■ )(34 ■ ■ ■ )ti, an 
independent decomposition of t G Or- See t(Tt(l) = 4, which implies that tat ^ G'^. 

(vii) If n > 4 and the types of a and r are r'^'', then it is a contradiction. Let 

a = (12 ■■■r)(r + l---2r)--- . Set t = (r + 1,2,--- ,r)(l,r + 2, ■ ■ ■ ,2r)ti, an inde- 

1 1 • • r /i\ I 5 when r = 3 , 

pendent decomposition of i G Or- See icri(7(lj = < and atat[l) — 

I 5 when r > 4 

2 AvllGIl —— 3 

. When r = 4, set i = (4231)ii, an independent decomposition of 

r + 5 when r > 4 

i G Or- crtat{l) = 1 and i(7i(7(l) = 2. When r = 2, set i = (14)(25)(36)ti, an independent 
decomposition of i G Or- See atat{l) — 5 and tata{l) — 3. Then crfcri 7^ icricr. □ 
In fact, Og. and O,- in cases of Lemma 4.9 (i) (ii) are square- commutative . 
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Lemma 4.10. Let G = A §„ with A C (Cs)"- Then 

(i) n = 3, 0(a,(i23)) (ind 0(^h,{i23)) (ii"^ not square- commutative. 

(ii) n = 3, 0(a,(i2)) (ind 0(6,(i23)) ore ^^o^ square- commutative. 

(iii) n = 4, 0(a,(i2)(34)) fl?^<^ £^(6,(1234)) are not square-commutative. 

(iv) n = 2k with k > 1, 0(a,(i2)) ow'^ C'(fo,(i2)(34)) are not square- commutative. 

(v) C(a,o-) and 0(b,i) are square- commutative if and only if a"^ — 1. 

(vi) If n = 4, then 0(a,(i2)(34)) and C(b,(i2)(34)) are square-commutative if and only if 
the signs of (a, (12) (34)) and {b, (12) (34)) are the same. 

Proof. For any (rf, /i) G G = A x S„, let {c,fiafi~^) := {d, fi){a,a){d, fi)^-^, i.e. 
c = d{iJ, ■ a){iJ,ajj,~^ ■ d). It is clear that ((c, iJ,aiJ,~^){b, t)Y = {{b, t)(c, iiaii~^)Y if and only 
if 

d{ii ■ a){iiaijr^ ■ d){iiaijr^ ■ b){iiaijr^T ■ d) (4.4) 
{najjT^TjjL ■ a){fxafi~^TnaiJ,~^ ■ d){iJ,aiJ,~^Tnafx~^ ■ b) 
— b{T ■ d){Tfi ■ a){Tfiafi~^ ■ d){Tfiafi~^ ■ b){Tiiaii~^T ■ d) 
{Tiiaii~^Tii ■ a){T iia ii~^T iia ■ d), 

which is equivalent to 

d{n,aji~^ ■ d){jiaii~^T ■ d){fiaiJ,~^TiJ,aiJ,~^ ' d){T ■ d){T jia jjr"^ ■ d){TiJ,aiJ,~^T ■ d) (4.5) 
{Tfj,afj,~^Tfj,afj,~^ ■ d) = h 

with h :— {fj,-a){iiaii~^-b){iiaii~Wfj,-a){iiaii~^Tiiaii~^-b)b{Tii-a){Tiiaii~^-b){Tfj,aii~^Ti^ 

We only need to show that there exists (d, jj) & G such that (4.5) does not hold in the 
four cases above, respectively. Let d — (92^,92^, ■ ■ ■ , ^'2") ^r any d E A. 

(i) Let a — (123) — t — ji and n — 3. (4.5) becomes d{a ■ d) — h, which imphes 
(^1 + ^3 = hi (mod 2). This is a contradiction since d has not this restriction. 

(ii) Let T = (123), a = (12) = and n = 3. (4.5) becomes (r"^ •d)((32) •d)(T-d)((13) • 
d) — h, which implies ^1 + ^2 = hi (mod 2). This is a contradiction since d has not this 
restriction. 

(iii) Let a = (12)(34), r = (1234), ^ = (123) and n = 4. (4.5) becomes ((13) • 
ci)((4321) • d)((1234) • ci)((24) ■ d) = h, which implies di + ci2 + 4 + (^4 = hi (mod 2). This 
is a contradiction since d has not this restriction. 

(iv) Let a = (12), A = (56) (78) • • • (n - 1 n), r = (12) (34) A, = (123) . (4.5) becomes 

d{{23) ■ d)((1342)A ■ d)((13)(24)A • rf)((12)(34)A • d){{1243)X ■ d){{U) ■ d) (4.6) 
((14)(23)-d) = /i, 

which implies = hi (mod 2) for i = 1, • • • ,n. By simple computation, we have {fj, ■ 
a)((1342)/x • a)((12)(34)// • a)((14)// • a) ((23) • 6)((13)(24) • b) 6((1243) • 6) = 1, which 
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implies + = (mod 2). If {a, a) is a negative cycle, we construct a negative cycle 
{a', a) such that a'^ = a'^ does not hold as follows: Let = when i 7^ 3,4, and a'^ = 1, 
= 0. If (a, (j) is a positive cycle, we construct a positive cycle (a', a) such that 04 = a'g 
does not hold as follows: Let = when i 7^ 1,3,4, and 04 = 1, 03 = 0, a[ = 1. Since 
C(a,(T) = we obtain a contradiction. 

(v) Let r = 1. It is clear that (4.5) becomes (/xcr^/i~^ • = /i. If C(a,(T) and 0(f,,i) are 
square-commutative with cr^ 7^ 1. then there exists 1 < i < n such that iia^"^ ii'^ {i) = 
j i. Thus + di = hi (mod 2). This is a contradiction since d has not this restriction. 
Conversely, if cr^ = 1, then (4.5) holds for any ((i, /x) e ^ xi Consequently, 0(a,a) and 

are square-commutative. 

(vi) It is clear that C'^i2)(34) ^^"^ ^fi2)(34) commutative. (4.5) becomes 1 — h. That 
is, {/I ■ ajdia/i^^aii ■ a){aii • a){iiaii~^ii ■ a) {^(t^~^ -b) {a ■ b)b {(t^(t^~^ - b) — 1. It is clear 
that (7(i), iiaii''^{i), (l)(i) and iiaii~^a{i) are different each other for any fixed i with 
1 < i < 4 when jiaji'^ ^ a. Therefore, (4.5) holds for any [d, //) e ^4 xi S„ if and only if 
oi + 02 + 03 + 04 = &i + &2 + ^3 + ^'4 (mod 2). □ 

We give the third main result: 

Theorem 4.11. Let G = A x S„ with A C and n > 2. Assume that there exist 

different two pairs {u{Ci),iij) and {u{C2),i2)) with Ci,C2 G lCr(G), ii G Ic^{j',u) and 
12 G Ic2{r,u) such that u{Ci), u{C2) ^ A. // dimQ3(G, r, 7^, m) < 00, then the following 
conditions hold: 

(i) n = 4. 

(ii) The type of u{C) is 2^ for any u{C) ^ A and C G lCr{G). 

(ill) The signs of u{C) and u{C') are the same for any u{C),u{C') ^ A and C,C' G 
ICriG). 

Proof. If dimQ3(G',r, ^,u) < 00, then by [HS08, Theorem 8.6], Cg^^) and Cg^^) are 
square- commutative. Let (a, a) := u{Ci) and (6, r) := u{C2)- It follows from Lemma 4.8 
that O^" and C^" are square-commutative. Considering Lemma 4.9, we have one of the 
following conditions are satisfied 

(i) n = 3, C>^ = Of- = 0^;23) ^r" = ^(12) and = C»^;23)- 

(ii) n = 4, = = 0^;2)(34) or ^r" = ^(1234) and Ol- = C»fi"2)(34)- Considering 
Lemma 4.10, we complete the proof. □ 

In other words, we have 

Remark 4.12. Le^ G = >1 x §„ with A C (C2)" and n > 2. Let M ^ M{0^^,p^^^) ® 
M{0^^,p^'^^) • • • ® M(0<,^,p("*)) &e a reducible YD moc/uZe over /cG. Assume that there 
exist i ^ j such that Ui, Uj ^ A. //■dimQ5(M) < oo, then n — A, the type of ap is 2^ and 
the sign of ap is stable when ap ^ A. 
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Theorem 4.13. Le^ G = A x §„ with n > 2 and M = M{0^^,p^^^) © M{0^^, p'^'^^) © 
• • ■©M(C^^,p("^)) be a reducibleYD module, //dim DS(M) < oo then one of the following 
holds: 

(i) mi > m — 1. 

(ii) 1712 = m — 1 and Ui = (a, r) with = 1, cTj ^ A. 

(iii) rris > 2, n — 4, O^^ = C'(a,(i2)(34)); the signs of ai and Uj are the same when 
ai,aj ^ A. 

Here mi =:| {i \ = {g2,g2, ■ ■ ■ ,92), 1 < z < m} |, m2 =:| {i | cr, e A, 1 < i < m} |, 
ma —:\{i\<7i^A,l<i< m} |. 

Proof. Let a := {g2,g2,--- ,5'2)- If ^2 = m — 1, then = 1 by Lemma 4.7. If 
m2 < m — 1, then case (iii) holds by Remark 4.12. □ 



In this section we establish the relationship between Nichols algebras over W{Bn) and 



Lemma 5.1. Let H be a subgroup of G with index two. Assume that a & H with 
= and r] e . Then there exists p E such that M{0^,r]) = M{0^,p) or 
M{0^ ,rj) ^ M{0^ , p) ® M{0^ ,p) as braided vector spaces. 

Proof. It is easy to see that 



defines a new representation of G. 

We have two cases (see [AF07, Subsection 2.5]): 

(i) r] ^ 77'. If p := 77 \h-, then p e p ^ p and p t^^^ 77 77'. 

(n) ?7 = 77'. We have that rj \h-^ p®p and p ^ 7/ = p t^" . 

M{0^,ri) = M[0^ , p), for the case (i), as braided vector spaces. 

M{0^,r]) = M{0^,p) © M{0^,p), for the case (h), as braided vector spaces. 

By [Se, Proposition 23] , p is irreducible. □ 

Proposition 5.2. Let G := ^4 x S„ = W{Bn) and H := W{Dn) with n > 3. Assume 
that a = (a, ^ e W^(-Dn) such that = A'" x 

(i) If there exists a negative sign cycle in (a, or there exists a cycle in (a, ^) such 
that its length is odd, then p e H"^ and dim*B(0^,77) = dim*B(0^,p) for any rj E G'^ 
with p — T) |if<T. 

(ii) // every sign cycle of (a, ^) is positive and the length of every cycle is even, then 
dimQS(0^, p) = 00 when dim?B(Of , p) = 00 with p eG^. 



5 Relationship between W{Bn) and W{Dn) 




(5.1) 
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Proof, (i) By Lemma 6.5 in the Appendix, = . Let S = {aEA\a = 
{9l\92\ ■■■ ■, ^2")}- It is clear that W{Pn) = S y\ §„. Now we show that A" ^ S. In fact, 
if A' C S", then G" = , which is a contradiction. Let /3 G A'" \ S". 

We first show that rj rj' for any t] G G'^, where rj' is defined in (5.1). In fact, assume 
r] = T]' . Then Xr;(a^) = for any a; G G"^ \ if*^, where Xn denotes the character of 77. On 
the other hand, Xr^ip^ 

) = [§^, (S^)x]Xx®m(^) since 77 = (x ® /^) tfj<.)^ by [SaOl, Definition 
1.12.2]. Consequently, Xx<^t^i^) = 0- ^ny r G (§^)^, we have that (^,r) G G"" \ if^. 
See Xx®m(/^'''") ~ x(/5)X/i(''") = 0. Therefore, X/i(T) = 0, which is a contradiction since 
X^(l) 7^ 0. By (i) in the proof of Lemma 5.1, M{0^,ri) = M{0^,p). Consequently, 
dimOS (0^,77) = dimQ5(Of 

(ii) By Lemma 6.5 in the Appendix, — H'^ . It follows from Corollary 3.5 or 
[AFGV08, Lemma 2.2] or Proposition 1.6. □ 



6 Appendix 

In this Appendix the conjugacy classes of Weyl groups of types Bn and D„ are found. 
They were obtained in [Ca72, Page 25-26]. Here for completeness we give a detailed proof 
of the results by using semi-direct products, while in [Ca72] admissible diagrams were 
used. 

Lemma 6.1. Let G = yl x with A = and n>2. Then W{B^) ^ ^ x §„. 

Proof. By [Ca72, Table 1], e^, e, - Cj, -(e^ + Cj), (e^ + Cj), for i ^ j, = 1, 2, • • • , n, 
are roots of with orthonormal set {ej | 1 < i < n}. Furthermore, 61 — 62, 62 — 63, • • • , 
6„_i — 6„, 6„ is a prime root system of B^- Let S denote the subgroup generated by {tj := 

I 1 < ^ < JT-} in W{Bn) and H the subgroup generated by {aa-ei+i \ 1 <^ ^ n — 1}, 
where (Te^ denotes the refiection of root 6^. It is clear that W{Bn) is a group generated by 
SUH. Define map V' from A to W{Br,) by sending a = {92', 9^, • • • , ^2") to r^'r^^ • • • r^" 
and map from §„ to W{Bn) by sending {i, i -|- 1) to (Te._ej+i for 1 < i < n — 1. 

We first show that ^jJ and are group homomorphisms. In fact, ijj{ab) — r"^"'"^^ ■ ■ ■ r"""'"''" 



^rfVf ■••r^Ti^V^^^- ■•r^ = ^(a)^^(6) since T,r,(e,)=r,r,(e,) = i . 

I —Cg II s = 7 or J 

for i 7^ j. Obviously, is a homomorphisms of groups since and W{An-i) are isomor- 
phic. 

It is enough to show 4>{x)ip{a) = ip{x ■ a)4>{x), i.e. 

T2"^ • • • C = T^-^«T;^-'f^) • • • T^-''"V, (6.1) 

for any x G and a E A with /x = 0(a;) and a = (5'2S • • • , 92")- Assume x = Ti^ri^ • • - ^'it- 
Obviously, t"'(6s) = (— l)"*'^*'''6s, where 5i^s — 1 when i — s and 5i^s — otherwise. In 
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fact, iJ,{es) = 4>{x){es) = Vi^n^ ■ ■ -rifles) = en^n^.-.n^is) = ex(s)- See 

Hr^'r^^ ■■■r^"{es) = (_i)ai'5i,.W2,.+-Wn..^(g^) and 

"x-l(l) "a!-l(2) "x-l(n) / \ _ "x-l(2) "x-l(n) 

T]^ T2 ■ ■ ■ Tn IJ'\(^s) — '''1 "^2 ' ' ' Tfi (^x{s) 

— (^_l)«x-l(l)'5l,x(s)+aa!-l(2)'52,a!(<,)+-+a^-l(„)'5„,a;(s) (^g^^^^) 

_ ^ -|^^ai5i,s+a2<52,sH han^n.s^^g ^ 

which impUes (6.1). □ 

Let G — A >\ Ein- (a, cr) e G is called a sign cycle ii a — (ii, ^2, • ■ • > v) is cycle and 
^ — {92^ J ' ' ' ■> 92") with = for i ^ {^1, ^2, • • • , v}- A sign cycle (a, cr) is called positive 
( or negative ) if X^ILi ^» ^'^^^ i^^ odd), (a, cr) = {a^^\ ai){a^^\ 02) ■ ■ ■ {a^'^\ Ur) is called 
an independent sign cycle decomposition of (a, cr) if o" = (7i(T2 • • • cr^ is an independent 
cycle decomposition of a in S„ and (a*^*\ (jj) is a sign cycle for 1 < i < r. Sign cycle 
decompositions exist and are unique up to rearrangement. 

Lemma 6.2. W{Dn) = {(a.,T) G W{Bn) \ the number of negative cycles in (a, r) 
is even } = {(a, r) G W{Bn) \ the sign of (a, r) is positive }. 

Proof. Ci — Cj, — (cj + e^), (cj + Cj), for i ^ j,i,j = 1,2,--- ,n, are roots of Dn 
with orthonormal set {cj | 1 < i < n}. Furthermore, Ci — 62, 62 — 63, ■ ■ ■ , e„_i — e„, 
e„_i + e„ is a prime root system of D„. Let rj := + 1), Tj := and fj := o'e-_ej+i- If 
a = {g2 \ ■ ■ ■ , (72") with aj = 1 when j = i and a-,- = otherwise, then a is denoted by t^. 
It is clear (Te„_i+e„(es) = r„_ir„er„_i(s) and o-e„_i+e„ = r„_i7:„f„_i. It is enough to show 
the numbers of negative cycles in rj(a, fi) and iv^''n'"n-i(fl) Z^) arc even for 1 < i < n — 1, 
respectively, when one of (a,/i) is even since W{Dn) is generated by r^, TV^iT^i^n-i- We 
only need show that the number of negative cycles in rj(a, n) is even for 1 < i < n — 1. 

Assume a = {g^, ■ ■ ■ ^g^)- By (6.1), r,(a,/x) = (^^^^ • • • ^g^^'^yiti 

(i) Assume that there exists a cycle (ii, i2, ■ ' ' > ^s) of n such that i = ii and it — i-\-l. 
Then ri(ii,i2,--- ,is) = (iii,i2,--- , «t-i)(«t, «m> • • • ,^s)- If (ii,?2,-- - is a negative 
cycle in {a, 11), then the signs of {ii,i2, • • • ,it-i) and {it,it+i, ■ ■ ■ ,is) in fi^a^ii) are not 
the same. If (ii, ^2, • • • , is) is a positive cycle of (a, //), then the signs of (ii, ^2, • • • , it-i) 
and (it, it+i, • • • , is) in ri(a, //) are the same. 

(ii) Assume that there exist two different independent cycles (^1,^2, • • • , is) and (ji, J2, 

• • • , jt) of // such that i = ii and ji = i + 1. Then rj(ii, ^2, • • • , is) (ji, J2, • • • , Jt) = («i, «2, 

• • • ,is,ji,j2, ■ ■ ■ ,jt)- If the signs of (ii,i2, • • • ,is) and {ji,j2, ■ ■ ■ ,jt) in (a,/x) are the 
same, then the sign of (ii, i2, • • • ,is, ji,j2, ■ ■ ■ , jt) is positive. If the signs of (ii, i2, • • • , is) 
and (ji, j2, • • • Jt) in (a, fj) are not the same, then the sign of (ii, i2, • • • , is, ji,j2, • • • ,jt) 
is negative. 

(iii) Consequently, the number of negative cycles in ri{a, /i) is even if and only if the 
number of negative cycles in (a, /i) is even. □ 
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Lemma 6.3. Let G = A xi §„. Assume that {a, a) and {a', a') are two sign cycles. 
Then {a, a) and {a', a') are conjugate in G if and only if the lengths of a and a' are the 
same and Y17=i = Yli=i (^'i {fnod 2). 

Proof. If (a, a) and (a', a') are conjugate in G, then there exists {b, t) & G such that 
{b,T){a,a){b,T)~^ — {a', a'). By simple computation we have 

a' ^ b(r ■ a)(a' ■ b) and rar-'^^a'. (6.2) 

Thus a and a' are conjugate in which imphes that the lengths of a and a' are the 
same. Furthermore, = (mod 2). 

Conversely, assume the lengths of a and a' arc the same and Yl^=i = Yl^=i ^'i i^od 2) 
with a = {ii,i2,--- ,ir) and a' = (i[,i2,-- - ,ir)- Let r G such that r{ij) = i'j for 
1 < J < It is clear that a' = rar"^. It is enough to find b E A such that (6.2) holds. 
By (6.2), we have a'-, = bi', + 0^— + 6a'-i(i'.) (mod 2) for I < j < r. This implies 



that < 



a' 



= bi'^ + Oil + bi>^ (mod 2) 
= bi'^ + + bi>^ (mod 2) 

= ^'i; + + (mod 2). 
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(mod 2). The solutions are 



where 6,/ - 



( a'.,^ + ail + H 

a-/^ + Oil + + o-ii + + o-iz + ^'j; 

+ «n + + «j2 H ^ «i;_i + ^v-i + ^i; 



\ 



(mod 2), (6.3) 



1 or 0. □ 



Theorem 6.4. Let G = Ay\ §„. Assume {a, a) = {a^-^\ ai)(a^'^\ ■ ■ ■ {a^'^\ a^) and 
{a', a') = {a'^^\ a[){a'^'^\ ■ ■ ■ {a'^^'\ a'^,) are independent sign cycle decomposition of 
{a, a) and {a', a'), respectively. Then {a, a) and {a',cr') are conjugate in G if and only if 
(a*^*\ (Tj) and {a'^'^\ crQ are conjugate in G for 1 < i < r with r = r' after rearranging. 

Proof. The sufficiency. Assume that (a^'^CTj) and {a'^^\al) are conjugate in G for 
1 <i <r and r = r'. It follows from the proof of Lemma 6.3 that there exist r e S„ and 
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b G A such that ro-jT ^ = cr^ and 6(r • a*^*^)(T(TiT ^ • 6) = a'*^*^ for 1 < i < r. Consequently, 
(6,r)(a,a)(6,r-i) = (a',a'). 

The necessity. There exists t) G G such that (6, r)(a, o')(6, r^^) = (a', a'). Since 
TaT~^ = a', we have r = r'. It is enough to show that {a^''\ ai) and (a'*^*\ a\) are conjugate 
for 1 < i < r after rearranging. It follows from Lemma 6.3. □ 

It is clear that W{Bn) = W{Dn) U (3W{Dn) is a left coset decomposition of W{Dn) in 
W{Bn), where /3 = (^2, gl ■■■ ,9^)^ A. 

Lemma 6.5. Let (a, fx) e with n > A. 

(i) //" t/iere exists a negative sign cycle in (a, /i) or there exists a cycle in (a, /i) such 
that its length is odd, then Oj^J^^"^ = Cj^J^^"^ 

(ii) If every sign cycle of (a, /i) is positive and the length of every cycle is even, then 



Proof. Let the type of jj be 1^12^2 



n 



Xn 



(i) Assume that there exists a sign cycle (c, ^) in (a, /x) with ^ = (ii,i2,-"" ^ir) and 
odd r. Set t — 1 and b = {9^2 ' " : fi'2") with bi = 1 when i = ii, ^2, • ■ ■ otherwise 
6i - 0. Obviously, (6,r) e 1^(E„)(«''^) and (6,t) e FT Therefore, W{BnY^'^^ 
W{D^r-) and Ol%-^ = Ol%-\ 

Assume that there exists a cycle (c, ^) in (a, /x) such that (c, ^) is negative with ^ = 
(ii,i2, • • • ,ir). Therefore, ^^(EO^'^''') 7^ and C»;^^^^") = 

We prove (ii) by the following several steps. 

(a). Assume ji = (^1^2 • • - in) with n = 2L If (6,t) e with i^- := T{ij) for 

1 < J < n, then 

n I I 

J2 ^ = %-i + I] (6-4) 

j=l j=l j=l 



by (6.3) and t = jJ^ for some k. It is clear that Xlj=i '^«2j-i ~ Si=i '^*2j-i when r = /x^'^ 
and = I^i=i'^«2i when r = /x^'^-^ Consequently, (6,r) G iy(i:'„)("'^\ i.e. 

W^(5„)("'^) =V(D„) 

(b) . Assume that the type of ji is (r)'^'' with even r and // = (1, 2, • • • , r)(r + 1, 
• • • , 2r) • • • ((Aj. — 1) + 1, (Ar — l)r + 2, • • • , A^r). Then is generated by A^^^ a-nd S^^^ 
for 1 < /c < Ar, 1 < /i < Aj. — 1, where A^^^ — {{k — l)r + 1, (A; — l)r + 2, • • • , /cr) and 
Bh,r = ((/i - l)r + 1, /ir + l)((/i - l)r + 2, /ir + 2) • • • ((/i - l)r + r, /ir + r). 

(c) . If the sign cycle (6,t) e 1^(S„)("''') with r = Afc,^, then b{r ■ a){ii ■ b) ^ a. 
This implies that 6j + a^-i(j) + fe^-i(i) = for i — {k — l)r + !,••• , (/c — l)r + r. Let 
ii := (A; — l)r + 1, 12 '■— {k — l)r + 2,, • • • , v := (A; — l)r + r, and i^- := for 
1 < J < It is clear that (6.3) holds. Consequently, it follows from the proof of part (a) 
that (6,t) e W{Dn). 
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(d). If the sign cycle (6,r) e 1^(E„)("'^) with r = Bh,r, then 6(r ■ a)(/i ■ 6) = a. This 
imphes that hi + 0,— i(j) + = for i = {h — l)r + 1, • • • , (/i — l)r + r, which is 

equivalent to b(h-i)r+j + ahr+j + b(^h-i)r+j-i = a,(/i-i)r+i and bhr+j + a(^h-i)r+j + bhr+j-i = 
tthr+j- By addition of the two equations we have {b(^h-i)r+j + bhr+j) + {ahr+j + o.(/i-i)r+j) + 

{b{h-l)r+j-l + ^hr+j-l) = {a{h-l)r+o'^'^hr+j), i-G. {b(h_iyj^j+bhr+j) + {b{h-l)r+j-l + ^hr+j-l) = 

0. Consequently, signs of the cycles of ((/i — l)r+j, /ir+j) and {{h — Vjr+j — l^hr+j — l) 
in (6, r) are the same for j = 2, 3, • ■ • r. Furthermore, the signs of all cycles of {{h — l)r + 
J, hr + j) in (6, r) for j = 1, 2, 3, • • • r are the same. Considering that the number of cycles 
in T is even, we have (6, r) G W{Dn). □ 

Lemma 6.6. Lei a,b & A and r, /i G §„. T/ien a and c are conjugate in W{Bn) if and 
only if a and c are conjugate in W{Dn); r and /i are conjugate in W{Bn) if and only if 
T and /I are conjugate in W{Dn). 

Proof. The second claim is clear. If there exists (6,0 ^ W{Bn) = A xi S„ such 
that {b,^){a){b,^)~^ — c. Thus ^ ■ a — c and ^a^~^ — c, which implies that a and c are 
conjugate in W{Dn). □ 
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